As political power tends to be wielded in the form of voting power in the national assembly, especially under the institutions of party government, one needs a method to calculate the voting power of political parties, both longitudinally and for a cross-section of European democracies. This paper suggests such a method, derived from the power index approach in cooperative game theory. The application of the method on the history of democracy in the two German nations results in party scores-mandates, ex ante and ex post voting power-that are much in congruence with the standard interpretations of the interwar period and the post-war politics in these two countries.
Introduction
Political power under a regime with party government in a multi-party system derives from the capacity of parties to enter into winning coalitions, either ad hoc in relation to the voting on decision issues in Parliament, or as a permanent member of a coalition in government. The Penrose-Banzhaf-Coleman model of coordination in N-person games-coalitions-offers a method to estimate this form of political power. In short: The cooperative game theory model measures the capacity of a party to contribute to the success of a coalition.
Here we wish to show how the power index method can be employed for the systematic and comparative analysis of the power of political parties in the typical regime of party government. We give as example a small study of party government in Germany-Weimar and FRG-as well as Austria-1st and 2nd Republic (1919 -1933 and 1945 . The research question can be posed as such: Have the various political parties been able to exercise voting power in proportion to their electoral support, as measured by the seats of the party in the nation's representative assembly?
Logic of Party Government: Double Banzhaf Games
In order to estimate the power of political parties under the regime of party government one needs to calculate Banzhaf numbers for the players involved in the games of party government, i.e. the political parties. In addition, one has to calculate the Banzhaf power for governments, whether majority or minority ones. All voting power derives from the capacity to form winning coalitions in the national assembly.
Banzhaf Voting Power
The Banzhaf voting power index (Banzhaf, 1965; Coleman, 1971; Felsenthal & Machover, 1988 , 2002 , 2004 , 2005 ) models the marginal contribution of a player to the success of a coalition, given a social choice mechanism. Looking here at the socalled Penrose-Banzhaf-Coleman framework for solving one kind of N-person games, namely so-called simple games, one starts from the characteristic function of a game. Basically, one considers the set 2 N of all possible coalitions S employing the assumption of equally likely coalitions. From these 2 N coalitions, the Banzhaf score of player i is calculated as the number of coalitions in which i is critical according to:
that is, the number of coalitions that player i is able to swing. The Penrose-Banzhaf power index β of player i is defined by the ratio of swings η of i to the number of coalitions not containing the player i. Thus, we have:
The employment of the Banzhaf formula results in voting power scores, either absolute or relative ones (normalised). Since we compare these scores with the percentage number of seats or mandates in Parliament, we use relative Banzhaf scores below. All data contained in the Tables below have been Below political parties will be looked upon as organised players making coalitions involving a perfect degree of individual party member discipline.
Ex Ante and ex Post Voting Power
The representative assembly makes a huge number of decisions concerning for instance government formation and support, the budget and taxation as well as regulation in the form of legislation and policies. Additional functions of parliament include controlling government and articulating relevant problems as well as electing government. Under party government, the actors in collective decisions are the political parties that tend to vote with one voice, based on their differential number of mandates. Both the constitutional rules of decision-making and the strategy of coalition formation are decisive for the outcomes of parliamentary decision-making.
Most decisions in Parliament require simple majorities, which is why a minimum winning coalition is enough. Sometimes certain decisions of constitutional relevance are singled out requiring a heavier support or qualified majority. To prevail, a winning coalition would then have to be oversized. In the normal business of government, simple majority suffices in most parliamentary countries.
A coalition that is minimum winning does not need to be a minimum sized coalition. Actually, coalitions may be of many kinds, but the essential thing is that they win the voting sequences. Coalitions may be temporary, focusing on one voting sequence, or they may be permanent over an election period, such as for instance 4 years. Government coalitions are formed for the purpose of exercising power over a longer period, but government coalitions may break up prematurely, leading either to a new government or to new elections.
A political party maximizes its voting power by actively participating in the formation of coalitions. If it enters a government coalition, then it shares the voting power of the government with its governing partners. It may also exercise voting power by participating in temporary coalitions that achieve the minimum-winning format. Political power is mainly exercised through the capacity to influence voting in the national assembly. Typical for continental European democracies is the multiparty system, meaning that the parliamentary arena is comprised of three or more political parties, where no party has a majority position.
One may enquire after the differences in seats and voting power for the major political parties under the regime of party government by calculating two power index scores: ex ante power measures based upon the election outcomes before government formation, and ex post power measures based upon the pattern of government formation: minority, simple majority, oversized, etc., after government formation. The following distinctions can be made in this new method for the calculation the power of parties under party government:
a) The calculation of ex ante power scores is the straightforward solution of the Banzhaf game for parties in the legislature before the formation of a government or government coalition.
b) The calculation of the ex post power scores involves a double Banzhaf game for the parties after government formation, where the parties in a government coalition share whatever power government has in the legislature, on the basis of a unanimity game between the government coalition partners.
One may in principle distinguish between two parliamentary situations: a majority coalition and a minority coalition. The voting power score of the government coalition will here be assumed to be equally shared among the coalition parties on the basis of an imagined second Banzhaf game within the government-a unanimity game among equal coalition partners. Thus, we have: 1) Banzhaf number or score for a simple majority government = the party(ies) in government constitute the winning coalition in legislative voting (Banzhaf score = 1/number of parties in the government coalition).
2) Banzhaf number or score for a minority government = the party(ies) in government enter some of the winning coalitions in the legislature (Banzhaf score 0 < 1/number of coalition parties). When the coalition government does not control the voting in the legislature, it is forced to make ad hoc coalitions with the other parties-see Appendix for an example.
When there is a minority coalition government, other parliamentary actors like the opposition parties will receive Banzhaf scores as well, depending on whether they are decisive in coalitions. c) One may further calculate the parties' Banzhaf power index numbers for both minority and majority coalitions for every legislative period and weighted for every single year, thus arriving at aggregated scores for legislative periods, and longer time spans. d) By relating the ex post Banzhaf scores to the relative size of the parties' representation in the legislative assembly (seats or mandates), it can be shown how the parties' voting power differ from their sizes in Parliament, because some parties tend to dominate the political game, whereas others do not play a big role despite their relative strength.
Let us proceed to a couple of examples from the spectacular political history of democracy in Germany and Austria.
Example: Party Government in the Two
German Speaking Nations
Germany
Proportional election formulas have been utilized in Germany to establish a legislative assembly. In compliance with parliamentarism, main power lies with the Kanzler. Two kinds of governments prevail: simple majority governments (FRG) and minority governments/coalitions (Weimar). There have only been a few consociational governments. In the Weimar Republic, the disproportion between the size of representation of the left-wing (seats, mandates) and its ex post Banzhaf voting power is striking. In the FRG, an effort was made to eliminate this effect, but has it been successful?
The Weimar Republic
In the Weimar Republic the smaller and right wing parties often augmented their voting power in comparison to their share of seats in the Reichstag by joining government. This discrepancy and disproportionality can be demonstrated by subtracting the parties' relative share of seats from its ex post Banzhaf points: Especially DDP and BVP enlarged their influence and voting power in comparison to their share of seats (DDP + 6.7 per cent, BVP + 5.3 per cent). But also larger conservative parties, that is Zentrum and DVP, increased their voting power by entering the mainly minority governments. Apparently, party coalitions, first minority governments, then shifting majority coalitions, were the key to exercise power in the Weimar Republic, highly successfully accomplished by DVP's Gustav Stresemann between 1923 -1929 (Table 1) .
On the contrary, the Social Democratic party (SPD) and the Communist Party (KPD) respectively were often unable to turn their mandate strength in parliament effectively into ex post influence or voting power after the broad "Weimar coalition". Social democrats became frequently the largest party in parliament after elections. Additionally, their ex ante Banzhaf score was greater than their relative mandate strength. But even so, they seldom joined government. A loss of power can be stated from the ex ante to the ex post stage of government formation, which can be explained by a lack of coalition options from the mid-1920s onwards.
The nationalist DNVP was a large right-wing opposition party, which often supported one of the minority governments. But, in contrast to SPD or KPD, the DNVP shows only a small loss of power when comparing its relative proportion of seats and its voting power. Thus, only a small difference can be stated between the DNVP with its nearly equal ex ante and its post Banzhaf scores and the government parties.
The Federal Republic (FRG)
At first sight, the results for the FRG seem to differ from the findings for the Weimar republic: The Federal Republic developed a 2.5 party system (Poguntke, 1999) , comprising two "catch all" parties (Kirchheimer, 1965) , namely CDU respectively CSU and SPD, and the FDP as a 0.5 "pivotal" party (Keman, 1994) .
But when applying the Banzhaf-Coleman approach to the distribution of power, we thus find a parallel between the Weimar republic and the FRG: Again, the political left shows a tendency of underrepresentation in governments on the federal level, also when the party system changed since the 1980s and 1990s.
As can be seen in Table 2 , only the FDP has been able to increase its voting power in comparison to its relative mandate strength. The "Union", consisting of CDU and CSU, shows only small losses of power in the ex ante and ex post government estimates. The FDP has played a powerful role by means of its pivotal status. Taking the discrepancy between the relative share of seats and the ex post Banzhaf scores into account, it can be noted that only the liberal FDP (+28 per cent) and to a lesser degree the Greens (+4.6 per cent) are the parties whose Banzhaf ex post power scores increased between 1949 and 2012, compared with their share of the seats (mandates).
The Social Democrats have often been unable to transfer their profound mandate strength into power through an ex post government formation. Their voting power is small compared with their representation. Thus, the loss of power in ex post government formation is nearly twice as much (−18.1 per cent) as the Christian democratic loss (−9.5 per cent). Yet, the lack of power of the left-wing on the federal level is compensated by participation in several Länder governments and their power in the Bundesrat, although Die Linke is still regarded as "regierungsunfähig" (incapable of governing) by the other four parties at the federal level.
Austria
When looking at the First Republic in Austria, the right-wing parties were heavily overrepresented in comparison to their relative share of seats in the Nationalrat. On the other hand, in Table 2 the Second republic (1945-today) with its consociational governments, an opposing finding can be made: Both the Austrian social democrats (SPÖ) and the Christian democratic (ÖVP) are able to augment voting power from the ex ante to the ex post government formation. In contrast to the German system, the smaller parties (FPÖ, Greens, BZÖ) play a minor role in parliament and government.
The First Republic (1919-1933)
Between 1919 and 1933 especially three political blocks dominated the Austrian party system: a socialist (SDAP), a Christian-catholic (Christlichsoziale) and a German nationalist block, which included some smaller parties (Pelinka, 2004: p. 535) .
Neglecting the two years, in which SDAP and Christlichsoziale formed a grand coalition before the constitution was passed in 1920, it was the Christian social party and the smaller German nationalist party group, which was participating in government on a regular basis. As can be seen in the Banzhaf power distribution in Table 3 , the SDAP was heavily underrepresented in comparison to its relative share of seats (−25.9 per cent). The German nationalist party group, in contrast, is massively overrepresented with a plus of 31 per cent in relation to the mandate strength won in elections.
The Second Republic (1945-Today)
Germany is often described as the "Grand coalition state" (Schmidt, 1996) . But, when comparing the number of grand coalitions in the FRG (2) and Austria (10), it has to be emphasized that this concept would fit Austria better. This is reflected in the Banzhaf numbers for the parties ex post government formation: in Austria, it is only the two "catch all" parties that augment their power by frequently forming government (SPÖ + 4.2 per cent, ÖVP + 2.7 per cent) while all other parties incur losses.
For a long time, the Austrian party system was a 2.5 party system like the German one, consisting of SPÖ, ÖVP and FPÖ. But in contrast to the FRG, the Austrian FPÖ never gained the "pivotal" status as the FDP could in Germany, because of the major parties exercising power in an oversized coalition ( Table  4) .
Conclusion
The Banzhaf-Coleman approach may be developed into a tool for the systematic and comparative analysis of the power of political parties under the institutions of party government. Voting power is wielded over legislation, budgets and taxation, policies and regulations. It derives from winning by simple majority in the legislative assembly, either as a single party or as a coalition partner in government, with majority or minority status.
Applying this new method to the political history of democracy in the two German nations, we observe quite a remarkable fit between the stylised images of the politics of these countries and the power scores for the political parties. Thus, the interwar period comprised highly skewed party government, with dis- 
Abbr.: SDAP = Sozialdemokratische Arbeiterpartei (social democratic); Christlichsoziale = Christlichsoziale Partei (christian-conservative); Deutschnationle = DeutschNationale Bewegung (nationalist); Landbund (agrarian); Heimatbund/Heimwehr (paramilitary, nationalist). proportionate power of the centre (Germany) and the right-wing (Austria), indicating democratic instability. The post-war shows considerably more of balance between the right and the left, especially in Austria, where consociationalism provides the left with more power than the simple majority governments in the FRG.
